Abstract. With respect to the characteristics of fuzziness, complexity and uncertainty for many group-decision making problems in real world, the paper proposes a novel method based on the interval grey linguistic variables hybrid weighted harmonic aggregation operators to solve the multiple attribute group decision making problems in which the attribute values and the weights take the form of the interval grey linguistic variables. In the approach, the relative concepts and the operation rules of interval grey linguistic variables are defined, and some operators (such as interval grey linguistic weighted harmonic aggregation (IGLWHA) operator, interval grey linguistic ordered weighted harmonic aggregation (IGLOWHA) operator, and interval grey linguistic hybrid weighted harmonic aggregation (IGLHWHA) operator) are proposed to solve the group decision making problems. The computational results from an illustrative example have shown that the proposed approach is feasible and effective for the group-decision making problems.
Introduction
of alternatives. For the grey fuzzy multiple attribute decision making problems which both the fuzzy part and the grey part took the form of real number, Jin and Lou (2003) proposed the decision making model which utilized the difference between the alternatives and the fuzzy positive ideal solution, and between the alternatives and the negative ideal solution to rank the orders based on the Hamming distance. Jin and Lou (2004) utilized the distance between each alternative and the grey fuzzy ideal solution to rank the orders of alternatives. In order to solve the grey fuzzy decision making problems, Luo and Liu (2004) utilized the maximum entropy formula to determine attribute weights, then ranked the orders of alternatives based on the linear combination of fuzzy information and grey information. Zhu et al. (2006) constructed the evaluation model in which the fuzzy part and the grey part took the form of interval number and the real number respectively. Meng et al. (2007) proposed the interval numbers to present greyness and fuzziness of grey fuzzy decision making problems, and the mathematical model of interval valued grey fuzzy comprehensive evaluation is established, and the application to the selection of the preferred project is given. extended the fuzzy part and the grey part of grey fuzzy decision making problems to interval numbers, and ranked the order of alternatives based on the ordered weight aggregation (OWA) operator. Zhang (2013) proposed the interval grey linguistic variables ordered weighted aggregation (IGLOWA) operator, and then use the Choquet integral to develop the interval grey linguistic correlated ordered arithmetic aggregation (IGLCOA) operator and the interval grey linguistic correlated ordered geometric aggregation (IGLCOGA) operator.
Because the linguistic variables are easier to express fuzzy information, and the research on multi-attribute decision making based on the linguistic variables has made great achievements Cabrerizo et al. 2010a, b; Herrera et al. 2009; Herrera-Viedma et al. 2003; Kim, Ahn 1999; Martínez et al. 2009; Xu 2004 Xu , 2007 Xu , 2008 . So, this paper proposes the concept of interval grey linguistic variables in which the fuzzy part and the grey part adopt linguistic variables and interval numbers respectively, and then studies the operation rules and the multiple attribute decision making method based on interval grey linguistic variables.
The remainder of the paper is organized as follows: Section 1 introduces some relative knowledge; Section 2 defines the interval grey linguistic variables and proposes some weighted harmonic aggregation operators; Section 3 gives a method based on the interval grey linguistic variables hybrid weighted harmonic aggregation operators to solve the multiple attribute group decision making problems; Section 4 presents an illustrative example to verify effectiveness of this method and to illustrate its decision making steps; Finally, conclusions are given in the final section.
Preliminaries

Grey number (Deng 2002; Luo 2005; Lu 2009)
Grey number is the basic unit to express the greyness. We can call only knowing the ranges roughly and not knowing the exact value as grey number. In the application, the grey number generally refers to a range or an uncertain number, and it can be expressed by " ⊗ ". Grey number can be divided into the following categories:
1) The grey number only with a lower bound The grey number in this type can be expressed as ( ) 
, where a is the lower bound of the grey number ⊗ and it's also a certain number.
2) The grey number only with a upper bound
The grey number in this type can be expressed as
⊗∈ −∞   , where a is the upper bound of the grey number ⊗ and it's also a certain number.
3) The grey number with interval number
The grey number in this type can be expressed as , a a ⊗∈    , where a and a are a certain number, and a is the lower bound, a is the upper bound of the grey number ⊗ . 4) The grey number with three-point interval number
The grey number in this type can be expressed as , , a a a ⊗∈    , where a , a and a are a certain number; a and i ∇ are the lower bound and upper bound of the grey number ⊗ respectively, and a is the center of gravity which can be get most likely. 5) The black number and white number When grey number ( ) , ⊗∈ −∞ +∞ , we can call ⊗ as a black number. It shows that information is completely unknown; when grey number , a a ⊗∈    and a a = , we can call ⊗ as a white number. It shows information is completely known. (Chen 1994 
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Linguistic evaluation set and its extension
Suppose that
 is a finite and totally ordered discrete term set, where l is the odd number. In real situation, l is equal to 3, 5, 7, 9 etc. In this paper, l =7. For example, a set S could be given as follows: (Herrera et al. 1996; Xu 2006a) , so the function can be defined as follows:
Obviously, the function ( ) f i is the strictly monotone increasing function about subscript i . To preserve all the given information, the discrete linguistic label 
, n is a positive integer, then operational laws of linguistic variables are given as follows (Xu 2006b) :
3)
Definition 3: Let s α , s β be the two linguistic variables, then the distance between s α and s β is defined as follows: Because the linguistic variables are easier to express fuzzy information, it is more reasonable to utilize the linguistic variables to represent the fuzzy part, and for the grey part which indicates the amount of information obtained, it is more accurate to reflect the information obtained by decision maker using the interval numbers. The larger the greyness of the grey part is, the less information obtained and the lower credibility of the obtained information is. The lower the credibility of the obtained value is, the lower the usage value of the information is. When the greyness rises, the obtained information becomes useless. On the other hand, the smaller the greyness is, the more information obtained is, which causes higher credibility of the obtained value. That finally leads to higher usage value of the obtained information.
The operation of the interval grey linguistic variables
are the three interval grey linguistic variables. Based on the concept of the interval grey linguistic variables, the linguistic operational rules and extension principle, the operation rules of interval grey linguistic variables are defined as follows:
2)
2.3. The distance between the two interval grey linguistic variables
 be the set of the interval grey linguistic variables, f be the mapping, :
be the interval grey linguistic variables, then the Hamming distance ,
 is defined as follows:
It is easy to verify that the equation (15) 
then ρ is called the basic unit-interval monotonic (BUM) function.
Definition 8 (Yager 2004): Let [ , ]
a b be the interval number, and
then f is called the continuous interval number OWA (C-OWA)operator.
(2) The expectation value and the rank method of interval grey linguistic variables
be the interval linguistic variable, the expectation value of interval grey linguistic variable A ⊗  is defined as follows:
Interval grey linguistic variables hybrid weighted harmonic aggregation (IGLHWHA) operator
be the group of interval grey linguistic variables, and
where Ω is the set of all the interval grey linguistic variables, Based on the operation rules of interval grey linguistic variables, the equation (18) is deduced to: 
It's easy to prove that the IGLWHA operator has the following properties.
where Ω is the set of all the interval grey linguistic variables, 
The characteristic of IGLOWHA operator is that interval grey linguistic variables 
2) The position weighted vector ω is determined by the method which proposed by Wang and Xu (2008) . The equation is shown as follows:
Example 2. Assume 1 3 3 1 , , , 8 8 8 8
, 0.4,0.5 
Secondly, we rank the Finally, by definition 10, we have: 
It's easy to prove that the IGLOWHA operator has the following properties.
1) Theorem 1 (Commutativity)
.
2) Theorem 2 (Idempotency)
3) Theorem 3 (Monotonicity).
The IGLWHA operator only focuses on the importance of each interval grey linguistic variable itself, and IGLOWHA operator only weights the position of each interval grey linguistic variable, therefore, both of them have certain one-sidedness. In order to overcome the above weaknesses, the interval grey linguistic variable hybrid weighted harmonic aggregation operator is defined as follows:
be the group of interval grey linguistic variables,
is a permutation of (1,2, , ) n  , and , ,
, for any j , we can get 
Firstly, calculate the 
Secondly, calculate the expectation value of interval grey linguistic variables 
Obviously, IGLWHA operator and IGLOWHA operator are the special cases of the IGLHWHA operator, which not only shows the importance of interval grey linguistic variables themselves, but also shows the importance of the position of the interval grey linguistic variables. , , , n C C C C =  be the attribute set with respect to the al-
The multi
is the attribute value in the attribute j C with respect to the alternative i A , given by expert k e , and
is the decision making matrix given by the expert k e , and 1 2 , , ,
is the attribute weight, where , ,
is the linguistic label. Let , , ,
2) Calculate the comprehensive evaluation value of each alternative
We utilize the IGLHWHA operator to calculate the comprehensive evaluation value of each alternative
( , , , )
is the weight vector associated with the function, and
is the weight vector of ( 1,2, , )
is a permutation of (1,2, , ) n  , and The evaluation steps used in this paper are proposed as follows:
(1) Based on the Eq. (19), to aggregate the evaluation information (shown in Tables , , e e e , then we can get the group decision making matrix X ⊗  and attribute weight vectorW A A A A    . These show that the position weight vector ω has a certain impact on ranking. In addition, in order to verify the validity of the method proposed in this paper, we use the method proposed by Meng et al. (2007) to sort this example. Because the method proposed by Meng et al. (2007) is for grey fuzzy decision making problems in which the fuzzy part and the grey part of grey fuzzy numbers take the form of the interval numbers, and in this paper, the fuzzy part of grey fuzzy numbers takes the form of the linguistic variables, and the grey part takes the form of the interval numbers. So in order to use the method proposed by Meng et al. (2007) , we change the linguistic variables of fuzzy part of grey fuzzy numbers to interval numbers according to Liu and Meng (2009) firstly. The ranking result is shown as follows:
Obviously, two methods have the same ranking results; this verifies the validity of the method in this paper.
In order to further illustrate the validity of the proposed method, we use the evaluation data presented by Meng et al. (2007) . Firstly, we convert the interval numbers to the linguistic variables by the methods proposed by Liu (2009) , and then we can use the methods in this paper. By calculating, we get the ranking of 4 alternatives. It is shown as follows: 2 4 1 3 y y y y    . It is the same as the ranking result produced in Meng et al. (2007) .
Conclusions
The traditional grey fuzzy decision making methods are generally suitable for decision making the information taking the form of crisp numbers, or interval numbers in the fuzzy part and the grey part of grey fuzzy numbers, and yet they will fail in dealing with the linguistic information of grey fuzzy numbers. In this paper, with respect to multiple attribute group decision making (MAGDM) problems in which the attribute values and the attribute weights take the form of the interval grey linguistic variables, some new group decision making analysis methods are developed. Firstly, the concept of interval grey linguistic variables is proposed, in which the fuzzy part takes the form of the linguistic variables, and the grey part takes the form of the interval numbers. Then, the operation rules of interval grey linguistic variables are defined, and some operators (such as interval grey linguistic weighted harmonic aggregation (IGLWHA) operator, interval grey linguistic ordered weighted harmonic aggregation (IGLOWHA) operator, and interval grey linguistic hybrid weighted harmonic aggregation (IGLHWHA) operator) are proposed to solve the group decision making problems. Finally, the computational results from an illustrative example have shown that the proposed approach is feasible and effective for the group-decision making problems, and it is easier to understand and implement. This study promotes the development of the theory and method of grey fuzzy multiple attribute decision making and provides a new idea to solve the grey fuzzy multiple attribute decision making. Because interval grey linguistic variables take into account the greyness and fuzziness of the same problem, they can get more rational decision-making results. However, in order to do this, we must get more data, and sometimes, it is very difficult to obtain these data. In the future, we will research data acquisition methods, and continue working in the extension and application of the developed operators and methods to other domains.
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